Abstract: A finite solvable group G is called an X-group if the subnormal subgroups of G permute with all the system normalizers of G. It is our purpose here to determine some of the properties of X-groups. Subgroups and quotient groups of X-groups are X-groups. Let M and N be normal subgroups of a group G of relatively prime order. If G/M and G/N are X-groups, then G is also an X-group. Let the nilpotent residual L of G be abelian. Then G is an X-group if and only if G acts by conjugation on L as a group of power automorphisms.
Introduction and statement of main results
In this paper all groups are finite and solvable. A subgroup H of a group G is said to be permutable with the subgroup K provided that HK is a subgroup of G. H is said to be permutable (resp. S-permutable) if H permutes with all the subgroups (resp. Sylow subgroups) of G. Kegel [9] proved that an S-permutable subgroup is subnormal. Kegel's result suggests the following question: If a subgroup H of a group G permutes with a certain class of subgroups of G, what can be said about H? Ballester-Bolinches, Cossey and Soler-Escrivà [3] proved the following remarkable theorem: If a subgroup H permutes with all of the system normalizers of G, then H is subnormal in G.
if and only if every subnormal subgroup of G is S-permutable in G. Agrawal [1] classified solvable PST-groups. He showed that a solvable group G is a PST-group if and only if the nilpotent residual L of G is an abelian Hall subgroup on which G induces power automorphisms by conjugation. Many beautiful results on PST-groups can be found in [4] . The study of PST-groups motivates our investigation of the related class of X-groups, where an X-group is one in which each subnormal subgroup of G permutes with all the system normalizers. In [3] it is shown that a PST-group is an X-group but an X-group need not be a PST-group.
The main purpose of this paper is to establish the following five theorems about X-groups.
Theorem A.
The following statements are true:
(i) Quotient groups of X-groups are X-groups.
(ii) Subgroups of X-groups are X-groups. 
Theorem B.
Let G be a group with abelian nilpotent residual L. Then G is an X-group if and only if G acts on L by conjugation as a group of power automorphisms.
Theorem C.
Let G be a group whose nilpotent residual L is nilpotent of class two. Then G is an X-group if and only if G induces power automorphisms on L/L and L ⊆ Z * (G), the hypercenter of G.
Theorem D.
Let G be a group of odd order with nilpotent residual L and system normalizer D. Then G is an X-group if and only if G acts as a group of power automorphisms on L/L and G ⊆ D G .
Theorem E.
If the finite solvable group G with nilpotent residual L is an X-group, then
An X-group G with nilpotent residual L of nilpotency class 3 is given in Example 5.2.
Preliminaries
The results in this section will be needed in proving Theorems A-E. A maximal subgroup M of a group G is said to be
Lemma 2.3 ([7, V.3.8]). (i) A subgroup D of a group G is a system normalizer of G if and only if D is nilpotent and D can be joined to G by an abnormal critical chain, namely a chain of the form
where G is an abnormal critical maximal subgroup of G −1 .
(
ii) Let M be an abnormal critical maximal subgroup of a group G. A subgroup D of M is a system normalizer of G if and only if D is a system normalizer of M.
A nilpotent subgroup H of a group G is called a Carter subgroup of G provided that N G (H) = H. In a solvable group G Carter subgroups exist and form a single conjugacy class, see [7, III.4.6] . A group is called a C-group if each subnormal subgroup of G permutes with all of the Carter subgroups of G. C-groups were studied by the first and second author in [5] . By a theorem of Carter [11, IX.9.5.10], the Carter subgroups of a metanilpotent group coincide with the system normalizers. An X-group is supersolvable by Lemma 2.1 (i) and hence is also a C-group. In Example 5.3 we see that there are C-groups which are not X-groups.
The following two lemmas from [5] provide some basic properties of X-groups. 
Lemma 2.4 ([5]).

Let G be a solvable X-group with nilpotent residual L and system normalizer D. Then (i) G acts on L/L as a group of power automorphisms,
(ii) G/D G L is abelian, (iii) If G is of odd order, then G/D G is metabelian.
Lemma 2.5 ([5]).
Let G be a solvable X-group with nilpotent residual L and system normalizer D. Assume that L is nonabelian. Then
(i) D is of even order, (ii) L is nilpotent of class at most 3, (iii) L ⊆
Proofs of main theorems
Proof of Theorem A. . Statement (i) follows directly from the definition since subnormal subgroups and system normalizers are mapped onto subnormal subgroups and system normalizers by epimorphisms.
For statement (ii) it suffices to show: If G is an X-group and U is a maximal subgroup of G, then U is an X-group. By Lemma 2.1 (i), G is supersolvable so that we have |G : U| = for some prime . The subgroup U may be normal or self-normalizing. If U is a normal subgroup of G, then all the subnormal subgroups T of U are also subnormal in G. 
Also note that L is nilpotent since G is supersolvable. In particular, G = UL and U is a critical maximal subgroup of G. By Lemma 2.3 (ii) the system normalizers of U are also system normalizers of G. 
Then ST is a system normalizer of AB and (RA ∩ B)(RB ∩ A)ST = ST (RA ∩ B)(RB ∩ A). Assume now that π is a set of primes such that L is a π-subgroup and that M is a π -subgroup. If D is a Hall π-subgroup of R, we have also that D is a subdirect product of DB ∩ A and DA ∩ B, and they are Hall π-subgroups of RB ∩ A and RA ∩ B respectively.
Since DB ∩ A is a subnormal subgroup of RB ∩ A it is an X-group whose nilpotent residual is a π-group, so DB ∩ A is a normal subgroup of RB ∩ A and a subnormal subgroup of A. On the other hand, DA ∩ B is a Hall π-subgroup of RA ∩ B, and we may assume that RA ∩ B is contained in T , taking a suitable conjugate of R otherwise. Now, by construction, On the other hand, the element induces the automorphisms → (1+ ) 2 and → (1+ ) 3 on P /P 3 and P 3 , and [ ] = (1+ ) 3 . This is a contradiction and (v) is shown.
RS = S (AR ∩ B) = SR and DST = S (AD ∩ B)T = ST (AD ∩ B) = T S (AD ∩ B) = T SD
. By Theorem C, L /L 3 ⊆ DL 3 /L 3 and L /L 3 = (L ∩ D)L 3 /L 3 . Thus (ii) holds.
Some related classes
A group is called a T-group if normality is a transitive relation in G; that is, if H K G then H G. Gaschütz [8] characterized solvable T-groups. He showed that G is a T-group if and only if the nilpotent residual L of G is a normal abelian Hall subgroup of G such that G/L is a Dedekind group and G acts on L by conjugation as a group of power automorphisms. Note that a T-group is a PST-group.
A group is called a T 1 -group if G/Z * (G) is a T-group. T 1 -groups were introduced by the first two authors in [6] where a number of properties of such groups are established. Another class of groups which is of interest in the study of X-groups is the class of T 0 -groups. A group is said to be a T 0 -group if G/Φ(G) is a T-group. T 0 -groups were introduced in [12] and some of the properties of these groups were developed in [10, 12] .
Some of the relations between these classes and X-groups are given in the next theorem.
Theorem 4.1.
Let L be the nilpotent residual of the solvable group G. 
Examples
Example 5.1. = [ ] = 5 2 = 3 2 = 1 . A Carter subgroup of K is and this is permutable with all subnormal subgroups of K , so K is a C-group. However, a system normalizer of K is which is not permutable with the subnormal subgroup , so K is not an X-group.
Example 5.4.
Let E be an extra special group of order 27 and exponent 3, E = : 3 Let G be the semidirect product of E by σ . Then Z (G) = Z (E) and Z (G) = Φ(E) ⊆ Φ(G). G is an X-group which is also a T 1 -group and a T 0 -group. The nilpotent residual of G is E, and G does not act as a group of power automorphisms on E. Example 5.6.
The group S
